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1 INTRODUCTION 

Quantum field plays important role in the dynamical evolution of the early universe [1]. In the 
epoch between the Planck time {t = 10“^^sec) and grand-unihed-theory time {t = 10“^^sec 
) one can treat the gravitational held as a classical background held and the expected values 
of some quantum-matter stress tensors are regarded as the source of the generalized Einstein 
equation. Using this equation the problem of back reaction of a quantum held in a curved 
space can then be studied either numerically or analytically. The central problem in this 
approach is evaluating the renormalized stress tensor which may be obtained from the metric 
variational derivative of the renormalized ehective action [1]. 

Several years ago, Hartle and Hu [2] adopted the dimensional regularization method to 
evaluate the one-loop contribution of conformally invariant scalar held to the ehective action 
for the homogeneous cosmological model with small anisotropy in the early universe [3]. In 
a recent paper [4], we extend the method to the spacetime with small inhomogeneity and 
show that a quantum held can smooth out the space inhomogeneity the early universe. 

In this paper we will adopt the ^-function regularization method [1,5-7] to evaluate the 
renormalized ehective action for massless conformally coupling scalar held propagating in 
a closed Friedman spacetime perturbed by a small rotation. Note that in such a model 
spacetime, as the function form of the zeroth-order held propagator cannot be conformally 
related to the usual hat space, the Feynman Green function and the mathematical formula¬ 
tion developed in the hat spacetime become useless [6] and method developed by the Hartle 
and Hu [2] cannot be used to evaluated the ehective action. 

We will evaluate the ehective action to the second order of the rotational parameter in 
the model spacetime with the help of the Schwinger perturbation formula [8] and then use 
it to investigate the evolution equation of the rotational parameter, we have seen that the 
quantum held ehect can produce an ehect that damps the cosmological rotational in the 
early universe. 

Note that the (^-function regularization method has been extensively used to evaluate 
the ehective action [1,7] and ehective potential (for example, for the model in the static 
Taub spacetime [9], or in the general spacetime with slow variation [10], or in the rotational 
Godel spacetime [11]. In a recent paper [12] we have also combined it with the Schwinger 
perturbation formula to evaluate the ehective action in a curved space. The calculations in 
that paper are consistent with those evaluated by the Hartle and Hu [2] for the model in 
the Bianchi I universe. However, as the closed Friedman spacetime cannot be conformally 
transformed to the hat spacetime, the calculation in this paper reveal the advantage of the 
(■-function regularization method. Note also that the application of the Schwinger formula 
within the (^-function regularization has been investigated in [13] for the quantum held in 
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the flat spacetime. 

This paper is organized as follows. In section II we present the model spacetime and 
formulate the Schwinger perturbation expansion of the renormalized effective action via (- 
function regularization . In Section III we evaluated the generalized zetz function in detail. 
The analytic form of the effective action to the second orders of the rotational parameter 
is presented. The possibility of a quantum held effective arising to damp the cosmological 
rotational in the early universe is discussed in Section IV. The last section is devoted to a 
short summary. 

2 MODEL SPACETIME, EFFECTIVE ACTION AND 
PERTURBATIVE EXPANSION 

2.1 A Rotating Spacetime 

The metric of a rotating spacetime used in this paper is given by 

(fs = g^jjdx^dx'' = —dt^ + dx^ + sin^xdO'^ + sin^xs'i'n^Odcj)^ — 2sin^xs'in^dG{t)d^pdt . 

( 2 . 1 ) 

where e{t) is a small quantity representing the metric rotational parameter which is related 
to the local gagging of inertial frames [14]. The case of e{t) = 0 is the close Friedmann- 
Robertson-Walker universe and r is the principal curvature radius of the associated space- 
time. The existence of the off-diagonal metric term proportional to d(j)dt indicate the exis¬ 
tence of space rotation. Note that to the second order of the rotational parameter e{t) the 
curvature scalar becomes 

R = - A + [2 + 2cos{2t) - cos{2x - 29) + 2cos{2e) - 2cos{2x - 29). (2.2) 

Thus the off-diagonal term cannot be removed just by a coordinate transformation. More 
discussion about the spacetime properties of the metric form (2.1) can be found in the 
reference [14]. 

2.2 Effective Action and -Function 

We consider the Lagrangian describing a massless scalar held with conformal coupling to the 
gravitational background 

S = J Ldx"^ = J - -^R(j)‘^]d‘^x. (2.3) 
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Th field equation is 


= [-g^'' Vm + \r]<I> = 0, (2.4) 

where R is the Ricci scalar and the v denotes the covariant derivative. In the zeta-function 
regularization the effective action is evaluated by the formula [1,7] 

W = -llnlDet(H)] = -|[C'(0) + C(0)ta(;,")]. (2.5) 

Using the proper-time formalism, the ( function can be evaluated by the relation [1,7] 

C(zz) = [r(z/)]“^y ids(is)‘'~^ < x | | x >, (2.6) 

where the operator H is dehned in (2.4) and it is understood that 77 H — ie, with e a 
small positive quantity. The operator H can be expressed as 


H = Ho+Hl 




d^ 


d rl d d^ 


dtdip dip 


' dt 


dt‘^ 


dx 


dif"^ 


+77,® 


2-Q+H2+0{e{ff), (2.7) 


where 

H{^ = -2e(7); 77f = -e{t) 

H2 = r^sm^Xsm^6'e(7)e(7) 

77 “ = r^sm^Xsm^6*e(t)e(7) 

H 2 = ^sin{2x)[cos{e) - l]e{tf 
= —e(7)^;77| = sinxcos9e{tY 

H 2 = “ ^[cos{2x) - l][cos(20) - 1]^ . (2.8) 

In (2.8) A*^^hs the Laplace associated with the spatial metric of the closed Friedmann- 
Robertson-Walker universe. The eigenfunction (pN and eigenvalue An for the massless scalar 
conformally coupling to the closed Friedmann-Robertson-Walker universe are [1] 


cPN = l[ix)Yf{0,ip), N = u;,J,K,M, 

KJ 


n(x)=P’"-i)...(A'" 

KJ 




2sinx 


p— 1/2—J 

^K-1/2 > 


(2.9a) 


(2.96) 
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\n — —( 2 - 10 ) 

where Yj^ are the spherical harmonic function and are the Legendre polynomials, and 

K = 1, 2, 3,cx) 

M = -J,+ J-1, J 

In the following calculation we occasionally need to use the relations [15] 

y~] y~] (/?)* = \ {angular addition theorm) 

J M KJ V TJ" 

j:ArYr(0,^)Yf'(0,<pr = 

M 

2.3 Schwinger Perturbation Expansion 

The perturbation expansion of effective action can be based on the Schwinger perturbation 
formula [8] 

2 JO 

+ — du + ...]. (2.13) 

2 Jo Jo 

Thus, in our model spacetime the perturbative expansion of the zeta function can be ex¬ 
pressed as 


( 2 . 11 ) 

( 2 . 12 ) 


((.o = Co+c:^+cr+c.r^+ c.t + cj +c?+c?+ <r +ci+ c? + o(e(o"), (2,14) 

where denotes the generalized ( function calculated from and Cfi^ denotes that cal¬ 
culated from combining the term iLf andhf^. The explicit form and dehned calculations of 
the generalized ( function are presented in the next section. 
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2.4 A more General Spacetime 

It is know that a more cosmologically interesting spacetime is that described the metric 


ds'^ = g^^dx^dx'' = a(t)^ (^—dt^ + dx^ + sin^xdO'^ + sin^xsin^dd(lP‘ — 2siri^xs'in^de{t)dipdt ) . 

(2.15) 

where a{t) denoted the expanding behavior of the cosmology. As the above metric is related 
to the metric in (2.1) just by a conformal transformation 

(2.16) 

we can use the formula of conformal transformation of renormalized effective action [12] 


W[g^^ = W[g^,] + J dx^[-g{x)]^/^[ + R^) + 2RU,^ 


-AR^^Ur Ur -AUp U,x u,^ -2(17,A U^] + B[U{R^,xsR^^^' - 2R^,R^^ + ^R^) + 

‘^R{ur, +u„ Ur) - 2U„ Ur -Aup U,x u,^ -2{U,x U,^ )'] ], (2.17) 

to obtain the renormalized effective action in a spacetime with metric pi, once we have 
calculated it in the spacetime time with metric g^j^i,. Note that the formula (2.17) has also 
appeared in several papers, for example [16] and [17], in which some other applications are 
discussed. 

In the next section we will evaluate the generalized ( function for the spacetime with 
the metric gijiy{x) by using the formula collected in Section IIB. Then, through the confor¬ 
mal transformation formula (2.17), we can obtain the renormalized effective action in the 
spacetime with metric Pv After the standard variation procedure we get the evolution 
equation of the rotational parameter e{t) and then analyze the quantized scalar held on the 
cosmological rotation. These are investigated in Section IV. 


3 CALCULATION OF THE GENEALIZED ZETA 
FUNCTION 

We will begin to evaluate the generalized C, function. The zero-order term in the Schwinger 
perturbation formula is 

1 r 

C(^) = TVTT / dx'^[~9{^)Y / ids{isy~^ < x \ | x > 

r(z/) j Jo 
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W) 


dx^[—g{x)]^^‘^ [ ids{isy <a;|iV><iV|e \ N >< N \ x > 

N N 


* 


/ E \/^^r(z/ - i) (^^j T{u) ^ 

= -iv f dx'^[-g{x)Y /‘^-E + 0{iyy 

^ R' V ^ 


2\ 1/2-!^ 


K 

=~ Cr(-2), 


(3.1) 


where Cr(^) is the Riemann zeta function. Note that to obtain the above result we have 
carried the integration by letting s ^ is and rotating u through ^ in the complex plane. 
Also, we retain only the terms proportional to u as the renormalized effective action W = 
—f/2 [C^O)] if we choose /i = 1. 

The above procednre can also be used to evaluate other ( function and we have 


CE(^) = [r(^)] ^ J dx‘^[~g{^)Y^‘^ J ids{isY ^(—is) <x\e | ^ ^ 


6r(z/)7r 


drr^e^it) / dss'" ^ / du E E(2»/^ + 3 + J) 




/O 

—iv 

~\2 

—iv 
~12 . 


K J 


f drYe^it) E[-^^ ~ di] 

d K 


drr e {t){ — + 


12 120 / 


(3.2) 


Some trivial resnlts are as follows 


C 2 (^) = [r(^)] / dx [-g{x)[ 


11/2 


ids{is 


iU-ll 


-is) < X 


r/2 

-isHo zjtt ^ 

2 df2 


X > 


=~ Ci?(-2) = 0. 




cn^) = [r('2)] ^ J dxy-g{x)Y^^ ids{i 

=^MYfie,^)Yfie,^r = o. 


IS)" "(—is) < X \ e I X > 


dif 
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C 2 (z/) = [r(z/)] ^ J dx'^[—g{x)Y^'^J ids{isY ^(—is) <x\e \ x > 


1 

dx 




J M KJ 


= 0 . 


C 2 ('^) = [r(z^)] dx [-g{x 


idsiisY < x \ e I ^ > 


1 

dd 


T.T.I[ix?Yf{d,^)Yf{e,^y 

L J M KJ 


= 0 . 


C^(z/) = [r(z/)] ^ J dx'^[—g{x)y^‘^J ids{isY ^(—is) <x\e \ x > 

=~ J ^X J dOsiryx^inO[2 — {cos2x — l){cos26 — 1)] = 0. 


It can easily be seen that 


Ci^Y) = [r(^)] ^ [ dx'^[—g{x)y^'^ [ ids{isY ^(—is) < x \ e \ x >= 0, 

J Jo dtd^p 


C^Y) = [r(z^)] ^ J dxY-g{x)]Y^ ids{isY \-is) <x\e | a; >= 0, 

as these function contain the derivative d/dt which will produce a factor uj, and thus we have 
an integration over an odd function of variable uj. 

We next tern to the remain two generalized C, function, which involving more calculations. 


2 ^ 

= r(!/)-" J dx‘‘[-g(x)]''‘‘ J ida(i3Y-'(-j) J du < x I | x > 


r (0 


J dt J die{t)e{t) J — J —exp[—i{uj—uj)]'^{K'^ — K‘^) J ds{ 

K 

K‘^ K‘^ 

ea;p[-s(l - u){oj‘^ H-^)]ea;p[-s-u(a’^ H-^)] 


s)'^’*'^ / du 
Jo 


^YY^rY smm E( A- - A-) / ^ / 


+ 77 ) +7^)-^-! 


ea;p[—i(a; — u){t — t)] 



To obtain the above result we have hrst integrate u then shift a) —> a; + a) and then integrate 
the variable s. 

As the above relation cannot not be integrate exactly, we will evaluate it separately for 
the smallr and large r region. 

(i) For the case of small r, which represents a universe with a small radius, we can use 
the formula derived in Appendix A-1 to integrate the variable a) . Then by integrate the 
variable u and taking the summation of K, we have the result 

CiT('^) = ^ (l +(y - 2 /n 2 + 27 + 2 /nr)) J dtr^e{tf,+0{u‘^), (3.3) 

where 7 id the Euler constant. 

(ii) For the case of large r, which represents a universe with a large radius, we can regard 
K/r as a continuum variable and integrate the variable K first, then the variable a), and 
hnally the variable uj. We therefore have the result 


CiT(^) = ~~ + z/ (^- + TT [ dt e{ty - [ dtdr dtduje{t)e{t) cos{u{t — t)) 

192 V V3 / J 2% J 

TTT^ { c ly f ~ ~ 

-i -— ( (1 + z /(2 + ni)) / dt e{tY -/ dtdrdidoj e(t)e(t) cos{ujt))ln \ 

482 \ J 2n J 

Note that in the case of small r the ( function calculated in the above are pure imaginary 
and thus the effective action does not have an imaginary part. Therefore it does not have 
particle production in this epoch [1]. This is because that constraining the system in the 
small r region is equivalent to restrain it in the states close to the vacuum, and the universe 
has not evolve far from vacuum thus the particle has not yet been produced. On the other 
hand, for the case of large r region the universe has evolve far from the in-vacuum state and 
the effective action does have an imaginary part, as the calculation above show, and thus 
particles are produced. 

The same procedure can be used to obtain the hnal ( function 


) . (3.4) 


2 2 

= r(z/)"^y' dx'^l-gix)]^/^ J ids{isY-\-^—) du < x \ \ x > 


(X- + Yr-' - + 


K 

K\ 


)-z/- 1 






2% up- — up 
ea;p[—i(a; — uS){t — t)] 


To proceed, we will evaluate the above relation separately for the small r and large r region. 
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(i) For the case of small r, we shift a) —> a; + a) and use the formula derived in Appendix 
A-2 to integrate the variable a) . Then after the integration of the variable lo and summation 
of K, the above relation becomes 

" (y “ + 27 + 2 lnr^'j jdtr’‘e{tf - jdtr'eitf + 0(1^), 

(3.5) 

(ii) For the case of large r we can regard K/r as a continuum variable and integrate the 
variable K hrst, then the variable cD, and hnally the variable uj. We hnd that in this case the 
vale of Cir*'^(^) is equal to that of Cn’(^) expressed in (3.4). This completes our calculations 
about the generalized zeta function. 

Finally, we collect the above calculation of zeta function and substitute them into the 
formula (2.5). Thus we obtain the renormalized effective action W[g^v\. 

(i) For the case of small r. 

W"W = /^ ^ (y “ + 27 + 2/nr^ . (3.6) 

(i) For the case of large r. 

W[g^^] = J dt d{t)^ + ^ (y “ + 27 + 2 /nr^ r^e{tf^ 

+ f^(- + m) - ^(2 + iTT)) [ dteitf-— (^- [ dtdrdidu e{t)e{i) cos{ut))ln \ Y 

V384^3 ’ 964^ ^)J 27r V384 964 J J k JJ \ 

(3.7) 


4 DAMPING OF THE COSMOLOGICAL ROTA¬ 
TION 


We now use the formula (2.170 to hnd that the renormalized effective in the spacetime with 
metric g^^, described in (2.15) is 


W[~g^u] = W[g^,] + 


1920 


a^a 


dt-r^ ^ - 3— + rM 3— - 6— + 5— 


, a^a 



(4.1) 

Substituting the results of IFderived in (3.6) and adding the classical action in to W[g^u], 
the hnal expression of the total effective action is thus obtained. The evolution equation of 
the rotating parameter can be obtained by varying the total effective action with respect 
to the function e{t). We separately discuss the equation for the large r region and small r 
region in the following. 
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4.1 Small r Region 

For the case of small r the evolution equation is 


me{t) + k{t)d{t) = 0 . 


2 ln 2 + 27 + 2/nr^ r®. 


kit) = 

^ ^ 1280 


6 — + 5— - (—)•■ + + r^d 

O'* I 8 G 


where G is the gravitational constant. The qualitative property of the evolution of a cosmo¬ 
logical rotation parameter e{t) can be determined with the following analysis. 

First, we know that although the value of r is small in the early universe, it is not a very 
small number, as we are interesting in the epoch after the Planck time. Thus the value of m 
in (4.3) is positive. Next, if we adopt a{t) = t, which represents the cosmological expansion 
by classical radiation then k{t) will be increasing during th cosmological evolution. (Note 
that, in general, we include classical radiation to support the expansion of the universe 
at times late compared with the Planck time.) We can now regard (4.1) as a harmonic 
oscillator with positive mass m and an increasing string strength k{t). Then, because there 
is no external driving force in this string, the total energy of the string will be conservative. 
Thus, the rotating parameter e{t) shall behave as an oscillator with decreasing amplitude. 

4.2 Large r Region 

For the case of lage r the evolution equation is 


Tir"^ 8 

-(— \-7ri)e - {2+7ri)e+ 

48 ^3 ^ 12 ^ ^ 


11 4 ,a?d d^ ^dd\ 37r ^ 9 \ 

+ XXX- 7 + 4^ + — - 2— - —rV e = 0. 


To obtain the above equation we have neglected the nonlocal terms. This approximation 
is hard to justify, but the Hartle [2] paper has shown that it does not change the results 
signihcantly. For the case of a{t) = t and large r the above equation becomes 

8 18 

r^(- -|- 7ri)e — (8 -|- 47ri)e — —e = 0. (4.6) 

O (j 

As the above equation is a linear differential equation with constant coefficients it can be 
solved exactly. It is easy to see that the solution is 


e(t) = Cl sin{ait)e^^^ + C 2 sin{a 2 t)e^^^ -t- C 3 sin{a 3 t)e^^^ + C 3 sin{a 3 t)e’^^^, (4.7) 
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where q is the integration constant, and a* and 6 * are positive constants which can be easily 
determined by (4.6) but are too complex to be cited here. 

Equation (4.7) tells that there are solutions with ci = C 3 = 0, in which the rotating 
parameter e{t) behave as an oscillator with decreasing amplitude. The other solutions which 
behave as exponentially growing oscillator solutions, i.e., Ci 7 ^ 0 and/or C 3 7 ^ 0 , are beyond 
the scope of the perturbation approach used in this paper and shall be neglected. We thus 
see that the quantum held can produce an effect which damps the cosmological rotation of 
the early universe. 

5 CONCLUSION 

In this paper we have applied the zeta-function regularization method to evaluate the renor¬ 
malized effective action for massless conformally coupling scalar held propagating in a closed 
Friedman spacetime perturbed by a small rotation. With the help of the Schwinger pertur¬ 
bation formula we obtain the analytic form of the ehective action to the second order of the 
rotational parameter in the model spacetime. Due to the mathematical difficulty, the closed 
form of the ehective action can only be found for the case of the small-limit value (i.e., near 
the in-vacuum epoch) and large-limit (i.e., far from the in-vacuum epoch) of the principal 
curvature radius of the spacetime. 

We also investigate the time evolution behavior of the rotational parameter. It is found 
that, for that case of a small principal curvature radius, the ehective action is a real function 
and no particles are produced. The rotation parameter e{t) behaves as an oscillator with 
decreasing amplitude. However, constraining the system to near vacuum states does not have 
much cosmological interest and we next consider the case far from vacuum. For the case of 
large principal curvature radius, we see that the ehective action is a complex function and 
there are particle production. The consistent solutions shows that the rotating parameter 
will behave as an exponentially damping oscillator and thus the quantum held can produce 
an ehect which damps out the cosmological rotation in the early universe. 
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APPENDIX; TWO INTEGRATION FORMULAS 


du / 2 ^ (~2 K^\ 

^p-t) r +¥5) 


-v-l 


= -( 2 r)=>+^-A'-“-=-'x->/'^r(.. + |)|r(l + (i.+ 1.1. ~ 


4j-3 4a;^r^ 

+ 


l^3+2u ]^5+2. 

In the above equation 2 E 1 is the hypergeometric function [17]. 


+ z/(^ + 2/nr))^ + 0(z/^) + 0{r^). (A.l) 


du! f duj dj{u + Co) 
2% J 2% Cj{u! + 2Co) 


Co" + 




-u-1 


exp[oo{t — t)] 


duo r duo Co{u + uo){uo — 20) 
2n J 2 ti 0{uo + 20) {uo — 20) 


O" + 




-u-l 


exp[uo{t — i)] 


duo r duo f —0‘^ 

271 J 271 i — 4a)^ 


+ odd function of O + 




-v-l 


exp[uo{t — t)] 


du 


do 1 

^4 


O^ + 


4^2 


-u-l 


1 


du 


= ir - 5{t — t)+i /- 


8K 


271 16 



do 

^16 


u 


-1 


u — 


+ 


4r2 


-u-l 


exp[u(t—t)] 


1 + i'{-+ 2lnr)) exp[u{t — t)]. {A.2) 

3 


The hnal result is obtained by using the formula (Al) and rotating u back through an angle 
of — 71/2 in the complex plane. 
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